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AUTOMORPHISMS AND COHOMOLOGY 


JAMES A. SCHAFER 


1. Introduction 

Let 1—>^lbean exact sequence of groups. In [3] the following exact sequence 
was developed for centric extensions, i.e the centralizer of Lf in G is contained in H, 

0 -)• H^iQ, zH) Aut(G, H) ^ iVout w(4-Q)/$Q ^ H^iQ, zH) 
where Aut(G, H) are the automorphisms of G which restrict to an automorphism of ff, $ : Q ^ 
Out H is the outer action determined by the extension, zH is the center of H with Q-action 
coming form $ and YoutH the normalizer. 

It is the aim of this paper to generalize the above sequence to arbitrary extensions, show how 
the above result is derived from the general exact sequence and derive other consequences of the 
general result including determing solvability of Aut(G, i^). 


2. Extending automorphisms 


Let 'El : 1 ^ H —>■ G — >■ Q —>■ 1 be an exact sequence of groups. Let a : H —y H and 
/3 : Q ^ Q be homomorphisms. We are interested in the problem of deciding if there exists a 
homomorphism 7 : G ^ G such that the diagram 


E : 


E : 


1 


1 


^ H 


-4 G 


-4 Q 


^ H 


-4 G 


p 

-4 Q 


4 1 


4 1 


commutes. 

The extension E gives rise to a homomorphism $ : Q ^ Out(H) where $(g) is the class of 
conjugation in G of any preimage of q and this determines a well defined action of Q on zH the 
center of H. We will denote the image of 9 ? G Aut{H) in Out(H) by [(/?]. In any calculations we 
will write the group structure aditively in H and G and multiplicatively in Q. 


Proposition 2.1. Suppose a £ Aut(H) then if ^ exists the following commutes. 

Q - - —)■ Out(J^) 



Q - - —> Out{H) 

where C[q,] denotes conjugation by [o] mapping Out{H) Out{H'). 


Proof. If u : Q —>• G is a section then C[Q,]4>(q') = [a o Cuq o a ^]. \i n £ H then a o Cuq o 
a~^(n) = ct[uq + — uq] but ol is the restriction of 7 and so this is 'yluq + a~^ — uq] = 

yiuq)n --finq) = Therefore = [c^(uq)]- But 7v{'~f{uq)) = ^{7v{uq) = /3q and 

so [Cj(uq)] = ^ n 


We shall now assume o as an automorphism and that the diagram 

Q - - —> Out{H) 



Q 5—s. Out{H) 
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commutes. 


3. Pullbacks and pushouts of extensions 

Let H) equivalence classes of extensions E : 1 —> G Q —> 1 with associated 

homomorphism Q —> Out(iL) equal to <I>. 

If /3 : Q' —> Q then we have a pullback extension and maps 


^*E : 


E ; 


-A H 


-A X 


-A Q' 


-A H 


-A G 


-¥ Q 


where X is the pulback of tt and /S. 

It is quite easy to see that if E = then /3*E = /3*E^ 


^ 1 


^ 1 


Proposition 3.1. : Q' Out(H) and hence p* : X^(Q, H) —>■ H). 


Proof. First assume ^ is a monomorphism. If u : Q ^ G is a section, then u' = u\Q' : Q' ^ G' C 
G is a section and ^'{q') = [Cu'{q')\ = V^uiq')] — i® epimorphism and u' : Q' ^ X 

is a section (all sections have 'u'(l) = 0) then define u : Q ^ G as follows. Choose a normalized 
section s : Q ^ Q' and define u(q) = ■y o u'(sq). Note 7 ru(^) = I37t'u'{sq) = q. For q' £ Q', 
= [Cu'q'] while <I'/3((j') = [c^(i 3 q')] = ^(u'siSq)]- K and "i{u'sjSq) are both preimages 

of fiq' and so [c^(u'q')\ = ^(u'q)]- But since 7 |iL = Id, = c^t^t : H —>■ H lov all 

q' G Q'. □ 


If E ; 1 —> iL —^ G —^ Q —> 1 with homomorphism $ : Q —I- Out(iL) then by choosing a 
(normalized) section u : Q H, define ip{q) = Cuq and f : Q X Q H hy 


u{q) + u{q') = f{q, q') + u{qq') 


one sees 

( 1 ) Mq)] = ^{q) 

( 2 ) ip{q)ip{q') = Cf(^q^q,)ip{qq'), 

(3) V{q)f{q',q") + fiq, q'q") = fiq, <?') + fiqq', q”), 

and that the extension E is equivalent to : 1 —>■ ff —^ Q ^ 1 where = H xQ 

with multiplication (n, q) + (n', q') = (n + q:>{q)n' + /(g, q')^qq') and obvious maps i and tt (and 
section). 

Proposition 3.2. If E = Ef^^ then ,fl*E = Ej-s = Ey^(^x, 9 ),(p/ 3 - 

Proof. If u : Q G is a normalized section for E such that tpiq) = c.^(q), define u' : Q X 

by u'{q) = {u{l3q),q) G X Q G X Q. u' is a normalized section and c.^iq{n, 1) = {ip{l3q)n, 1) and 
u'q + u'q' - u'{qq') = (/(/3g, )3q'), 1). 

□ 

We would like the notion of pushout corresponding to pullback but these do not exist in general 
in the category of groups. 

Now suppose a : H ^ H is a,n automorphism and E = Define where 

= af and (pa = Cap-, that is paiq) = (yp(q)o'~^. It is easily seen that fa and pa satisfy (2) 
and (3) and that ^a = • Q —>■ Out(H). In order to show we may define q;*E as o;*Ey^tp we 

need to show that if Ej-= Ej/then ='^f' • 

We will use the following convention. If E : 0 —G Q —>■ 1 and Ei' : 0 ^ H' 

G' Q' ^ 1 are extensions and a : H ^ H', ^ : Q —>■ Q', we will write (a, ^) : E ^ E' if there 

exists y : G ^ G' such that yi = i 'cl and 7t( 3 = n'y. By abuse of notation we will denote the set 
of such y by 

The following lemma will prove very useful. 
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Proposition 3.3. Suppose 

1 -^ H -^^ ^ Q -^ 1 



1 -^ H' -^^ ^ Q' -^ 1 . 

Then there exists ■y : Ef^^ —>■ Ef/^^/ with yi = ia and ny = (dir if and only if there exists 
<7 : Q ^ H' such that for all h G H q^q' £ Q 

aq + ip'{/3q)lah + aq'] + Pq') = a[ip{q)h] + af(q, q') + a{qq'). (1) 

(a) The correspondence between { 717 ^ = i'OL^yn = tt'^} and {cr | crsatisfies{l)} is a bijection. 

(b) If y corresponds to a and y' corresponds to cr', then y'y : Ef^^^ —>■ Ef//^y/ corresponds to 

a.'(T -.Q ^ H". 

Proof. That y{h, q) = {a.h + aq, ^q) is forced by yi = 20 and 7 r 7 = (dir. Condition (1) is just the 
fact that 7 is to be a homomorphism, (a) and (b) are immediate from the relationship between 7 
and a. □ 

Proposition 3.4. (a) There exists (a, id) : —y 

(b) If (o:,/3) : —y Ef/^p,/ then there exists a unique (id,^) : Ey^^/ such that 

{a,13) = {id,l3){a, id) : Ef^p ^ E/V'- 

Proof, (a) (7 = 0 defines a Ef^p —y a*Ef^p since (pQ:{ah) = a(p{h). 

(b). Suppose 7 £ (o, /?) corresponds to the map a : Q ^ H', that is 

aq + ip'(l3q)[ah + aq'] + f'{0q, Pq') = a[ip(q)h] + af{q, q') + a(qq'). 

But the right hand side of the equation is tpocioih) + fcy{q-, q') + a(qq') and hence letting h' = ah, 
a defines a map (id,/3) : a*Ef^p —>• Ej/^p/. By (b) of the previous proposition (id,/?)(o, id) 
corresponds to o 0 + (7 id = cr and so (o, /3) = (id, /3) (o, id). □ 

Corollary 3.5. IfEf^p = Ef/^p/ then o:*Ey^(^ = a^Ej/^p/. It follows that q:*E is well defined. 

Proof. If (id, id) : Ef^p —>• Ef', ip' is an equivalence then the map (o:, id)(id, id) : Ef^p —>• a^Ej/p/ 
factors through a*Ef^p. That is there exists (p, r) : a*Ef^p —y a^Ej/p/ with (p,r)(Q:, id) = 
(q, id)(id, id) : Ef^p It follows p and r are the identities and define an equivalence of 

a^Ef^p and a^Ef/p/. □ 

Corollary 3.6. Let a : H —y H be an isomorphism. 

(1) There exists (a, 1) : E ^ q:*E. 

(2) If {a, S) ; E ^ E^ then there exists (id,^) : o+E —)■ E^ such that 

( 0 , /3) = {id, /3)(o, id) : E ^ a^E E^ 

That is, o:*E is a pushout in the category of extensions. 

(3) If there exists (o, 1) : E —)■ E^, then E^ = o+E. 

Proposition 3.7. (1) If a : H ^ H' and a' : H' —>• H" are isomorphisms then (q:'q:)*E = 

a*(a*E). 

(2) If P-.Q^ Q' and l3' : Q' ^ Q" then (/3'/3)*E = /3*(/3'*E). 

(3) If a : H ^ H' is an isomorphism and fl : Q ^ Q' then o*/9*E = /3*a*E. 

Proof. These are immediate from the definition of q:*E = a*Ef^p and similarly for jS*. □ 

Theorem 3.8. Suppose a = Cg\H : H ^ H with 7T{g) £ zQ, in particular if g £ H. Then 
E = q:*E. 


Proof. Cg : G ^ G defines a map (o, id) : E ^ E and hence q:*E = E. 


□ 
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Theorem 3.9. Suppose ca and (3 are automorphisms. Consider the following diagram 


E : 1 -^ H 


G -^ Q 


“1 

E : 1 - H 

with a an automorphism, and suppose 



1 


■> 1 


Q - - — Out{H) 

Q - - —> Out{H) 

commutes. Then there exists (q:,/3) : E ^ E and only if a^Ei = /3*E G H) 


Proof. If (id, id) ; o+E —)■ /3*E then we have (o, /3) : E —)■ E given by 
(id, /3)(id, id)(Q:, id) : E —>■ a*E —>■ ^*E E. 

Conversely since there exists (o, id) : E —>■ a*E there exists (o”^, id) : q;*E —>■ E and similarly for 
(3. Hence if (a, /3) : a+E —)■ /3*E exists, 

(id,/3“l)(«,/3)(o"\id) : «»E E ^ E /^'^E 

is an equivalence (id, id) : q;*E ^*E. □ 


4. The action of S on and H‘^{Q,zH) 

Definition 4.1. S = {(a, S) ^ Aut(H) x Aut(Q) | 4>^ = C[q,]4>]}. 

This is clearly a subgroup. Since a* : H) —>■ and /3* : —>■ 

X<s>ls(Q,H), if e = (o,/3) e 5 then o"D* : A’s(Q,/f) X^{Q,H). 

Proposition 4.2. If 9 = {a, ft) € S, Then E6 := aff^ ft* E defines a right action of S on 

X^(Q,H). 


Proof. One only needs to note that for any a G AutH” and /3 G EndQ that o*/?* E = E 

and this is trivial when one expresses E = □ 

gives a well defined Q-module structure to zH. The automorphism a : H ^ H maps 
zH zH and a and /3 define homomorphisms : H^{Q, zH) H^{Q, 0 zH) and hence 

a well defined homomorphism 9* = 13* : H^{Q^ zH) H^(Q, zH). It is easy to see that 

(9'9)* = 9*9'* and hence a right action of S on H^{Q^ zH), (^9 = 9*{(f). H^{Q^ zH) acts simply 
transitively on (the right) A^(Q, H) as follows. If E = ^ <^$((5, H) and = [c] € -H^(Q, zH) 

then E • (^ = E(p j^+c- An easy calculation shows 

Proposition 4.3. i) q*(E(^) = (q:*E)o+(^, ii) /3*(E(^) = (l3*'Ei)f3*C, and hence if 9 G S, G 
H^iQ, zN), (E ■ C)9 = E6> - (^9. 

Recall that an extension 1 ^ H —>• G —^ Q —>• 1 is split if there exists a homomorphism 
s : Q —>• G with tt s = id. 

Proposition 4.4. IfEiisa split extension then both o*E and /?*E are split extensions. 

Proof. That the pullback /3*E is split follows from the definition of the pullback. If E = E^^^^ 
and s(q) = {Tq,q) is a splitting for E the fact that s is a homomorphism translates to the fact 
that 

■r(qq') =rq + >p{q)Tq'+ f{q,q'). (*) 

Defining u{q) = (org, q), n is a homomorphism if and only if 

arqq' = arq + aipa~^ {arq') + 0 'f{q, q') 

which follows from (*) by applying a. □ 



AUTOMORPHISMS AND COHOMOLOGY 


Remark 1. Unfortunately this does not show that split extensions are always fixed points, but 
only that under the action of <5 on H) split extensions are always taken to split extensions. 

If there exists a unique split extension in e.g. if H is abelian, then we have a fixed 

point. But for most non-abelian H with non-trivial center there exist many split extensions in in 
a given outermorphism class For example if H is the dihedral or quaternion group of order 8 
or 16, Q is Z/2 or Z/4 and Q OutH the trivial homomorphism, then H) consists of two 

elements and both are split extensions. Whether this is always true is yet to be decided. 

Now subtraction defines a map 

s : X^(Q,H) X ->■ H^{Q,zH) 

as follows. Let E, E H). Choose any basepoint Eq. Then E = EqC, with 

C; C ^ define s(E, E^) = ^ E H^{Q, zH). This is independent of Eq. Denote 

s(E, E^) = (E ~ E^). S acts (on the right) on both (Q, H) x (Q, H) and (Q, zH). 

Proposition 4.5. i) s is equivariant, i.e., if 6 ^ S then (E — E')0 = (E0 — E'0). 
a) (E - EO = -(E' - E). 
in) (E - EO + (E^ - E'O = (E - E'^. 

Proof, i) If Eq is a base point and E = Eon and E' = Eq^ then (E — E') = a — b, E0 = 
(Eoa)0 = (Eo0)a0 and similarly for E'0. Since (E0 — E'0) is independent of the base points 
(EiO — Ei'6) = a9 — bO. ii) and hi) are clear from the definition. □ 

Define Ae : 5 ^ H^{Q,zH) by Ae( 6 ») = (E - E 6 »). 

Proposition 4.6. Ae :S^H^{Q,zH) is a derivation, that is 

Ae( 6 » 0 O = Ae( 0 ) 6 »' + Ae( 6 >O- 

Proof. Let Eq be a base point and E = Equ, E0^ = Epfo, E00^ = Eqc with a, 6 , c € zH). 

Then 


Ae(0') + Ae( 6 ») 6 >' - Ae(6»6>0 = (E - E 6 »') + (E - ^6)6' - (E - BOO') 

= (E - E 6 »') + (Eo' - Bee') + (Bee' - e) 

= (a — 6 ) + (b — c) + (c — a) = 0 . 

□ 

Let Aut(G, iL) = {7 € AutG| 7 |iL : H —>• H}. There exists an obvious homomorphism 
res : Aut(G,iL) S given by res( 7 ) = ( 7 |iL, 7 ') where 7 ' 7 r = 7 r 7 . Choosing a basepoint Eq one 
sees X^e = 0 if and only if E = E 0 for 0 € <S. Therefore in view of l3.9l the following are equivalent. 

(1) e extends to a mapping E ^ E. That is 0 € image{res}. 

(2) e G Iso 5 (E), the isotopy group of E. 

(3) e E ker Ae- 

Theorem 4.7. Let E E There exists an exact sequence of groups 

0 ->■ Z^{Q,zH) Zl, Aut{G,H) ^ <S ^ H'^{Q,zH) 

where Q acts on zH via 4> and Z^{Q,zH) are the cocycles with respect to this action. The map 
p is given by cr ipa- where v^o-(p) = cr{7vg)g and Ae is a derivation. 

Proof. All is clear except for the identification of the kernel of the map AutG Iso 5 {E) C S 
given by 7 1 -^ ('y\H^'y') where 777 = 7 ^ 77 . Assume E = Bv l3.3l Yfh. a) = (h + aq, q) for some 

a . Q ^ H satisfying 

aq + ipiq)[h + aq'] + f{q, q') = [ip{q)h] + f{q, q') + cr{qq') (*). 

But (0, q) + {h, 1) = {tpiq)h, q) and so 7 ( 0 , q) + 'y{h, 1) = 'y{(p(q)h, q) or 

{ip{q)h + aq, q) = (aq, q) + (h, 1) = (aq + ‘f(q)h, q). 

Therefore a : Q —>■ zH and (*) says tr is a cocycle. This shows the map Z^(Q, zH) ker res given 
by C 7 t—)• 7 o- where 70 - (h, q) = [h cr{g), q) = (cr(g) + h, g) = {cr(g), 1) + (h, q) is onto. (The second 
equality follows since cr(q) is central.) It is clearly a monomomorphism. 


JAMES A. SCHAFER 


By choosing an appropriate (normalized) section s : Q —)• G we obtain an isomorphism p : 
G —>• given hy g = hs{ 7 rg) t—>• (h, Trg). Then 

Vaig) = p~^'ypig) = p“S(/i, 7 rg) = p-^ {<j(ng), 1) + {h,q)) = a{TTg)g. 

□ 

Remark 2. All the terms in the above exact sequence except for Aut(G, H) depend only on 
Q and the action of Q on the center of H and not on the extension E. The image of res = Iso^ E 
clearly depends on E. This is well illustrated by the groups D 4 and Qg which have center H = Z/2 
(and hence Aut(G 5 H) = Aut G in both cases) and quotient Q = Z/2 x Z/2. Since zH is a trivial 
Q-module Z^{Q^ zH) = zH) = (Z/2)^, we have an exact sequence 

0^Zl2x Z/2 -)■ Aut G -)■ Iso^ E ^ 1. 

Now H^{Q,zH) ~ (Z/2)3. Since ^ = 1, 

S = AntZl2 X Aut(Z/2 x Z/2) = GL 2 (F 2 ) = S 3 

acts on a set of order 8 representing the extensions of Z/2 by the Klein 4-group. It is not difficult 
to see that there are 4 orbits, two orbits with one element representing (Z/ 2 )^ and Qs and two 
orbits with 3 elements representing D 4 and Z/4 x Z/2. Hence we have exact sequences 

0 K ^AutD4 ^ Z/2 -)■ 1 
0 ^ y ^ Aut Qs ^ S 3 ^ I 

corresponding to the facts that Aut 1)4 ~ D 4 and AutQg — ‘S' 4 . 

5. Out(G, H”) AND THE BASIC EXACT SEQUENCE 

Inn G is a normal subgroup of Aut(G, i^). Let Out(G, H") = Aut(G, iL)/Inn G. 

Consider the map u = resjjnnG • lanG —>■ Aut(G, .H) —>■ S. The image of this map is 
B = {u{cg) = {Cg\H,C-„g)\g G G}. 

Proposition 5.1. i) 13 is normal in S. 
ii) B C Iso 5 E. 

Hi) ker u ~ {CqH D 'k~^zQ) j zG. 

Proof, i) If (q,/3) E S then (a,/3)(cg |iL, C 7 rg)(a,/3)“^ = {a Cg\Ha~^, g). Now (a,^) G S 

means $(/3 ng) = a ^{7rg)a~^. But ^{irg) = [cg\H] and so if G G is a preimage of /Sir g we have 
[Cg/|i^] = [a.Cg\Ha~^]. Therefore acg\Ha~^ = Cgt\H c^, for some h G H and hence 

Clearly (ch\H,id) = u(c^) G B and since irg' = IBizg., {Cgf\H,cpT^^g) = u(cgf) G B. 

ii) This is just [T9] since (cg\H, Cg, c-r^g) : E —>• E. 

iii) Cg\H = id if and only if 5 G CqH and c-r^g = id if and only if p G 'k~^zQ. □ 

Let g G CqH n7T~^zQ and let cr : G ^ G given by o-g{g) = [g^g] = ggg~^g~^• 

Proposition 5.2. i) ag{gh) = crg(g) and hence defines a map a : Q ^ G. 

ii) o-g{g) G zH. 

iii) ag : Q —>• zH is a derivation with respect to the conjugation action of Q on zH. 

Proof, i) ag(gh) = gghg-^{gh)-^ = ggg-^hh-^g-^ = agg. 

ii) g G n~^zQ implies agg G H. Since g G CqH and h, g~^hg G H 

h<rg(g) = ghgg~^g~^ = gg{g~^hg)g-^ g-^ = {]jgg~^g~^)h = ag{g)h. 

iii) If Tvg = g, Trg' = q' then 

o's)'?'?') = g{gg')g~^{gg')~^ =ggg~^g~^ggg'g~^g'~^g~^ = ^g{<iY(^g{q')- 

□ 
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If we define a : Cq H tt ^zQjzG —>• Z^{Q, zH) by a(g zG) = ag we see easily that we have a 
commutative diagram 

1-^ CgH n zQ/zG — -^ Inn G-^ B -^ 1 . 

(T 

0 -^ (Q, zH) - Aut(G, H) > Iso^ E -^ 1 

If S = Image O', Z^(Q^zH) ^ S D B^{Q^zH) = a{zHzGlzG) where B^{Q^zH) are the 
boundaries and we have an exact sequences 

0 -i- (Q, zH) Out(G, H) ^ Iso 5 E 1, 

0 {CGHnTT-'^zQ)/zHzG H^{Q,zH) -5- H^(Q,zH) -5- 0. 

Remark 3. If H is centric in G then GqH fl 'k~^zQ = zH, zG C zH and so H^(Q, zH) = 
H^{Q,zH). 

Iso^ 'Ei/B G S/B = S. S does not necessarily act on Af,|>(Q, H) since B does not necessarily act 
trivially. Let Oe denote the orbit of E € H) under the right action of <S, and for g £ G let 

Proposition 5.3. i) \E(0g0) = Ae^ for 6 £ S and hence defines a map Ae : <5 H^{Q, zH). 

ii) S acts (on the right) on Oe o.nd the map Ae : S ^ U G H^{Q, zH). U is an S invariant 
subgroup of H^{Q, zH) and Ae is a derivation with respect to this action. 

Hi) Iso 5 E = Iso 5 'E/B. 

Proof, i) Ae is a derivation and E9g = E. Hence Ae( 030 ) = ^Ei^g)^ + '^e(^) = Ae^- 

ii) Since B is normal in S we have Ae(^^ 5 ) = Ae(^)- Le, for all 0, 6g G S 

Ee-E = E(6» 9g)-E = (E9)9g - E. 

. But by choosing a base point in X^{Q^H) this easily implies (Ei9)9g = E9, that is 9g acts 
trivally on Oe- G = {(E^ — E^^) | E^, E^^ G Oe}- That the induced map Xe '• S —>■ zH) is 

a derivation is obvious. 

iii) This is also obvious. □ 

This gives the following. 

Theorem 5.4. Let S = S/B then S acts on Oe G zH) and there exists an exact sequence 

0 W{Q,zH) Out(G,H) ^ H^{Q,zH). 

image{res} = Iso^ E and zH) ~ H^(Q, zH)lV with V ~ (CgH D zQ) j zHzG. 

6. Decomposition of S 

Definition 6.1. Aut$ Q = {/3 G Aut Q \ 4>/3 = 4>}. Identify 0 G Aut^ Q with (1, 0) G S. 

If (oi,0) G S then [Q:$(g)Q:~^] = ^(0q) and hence [a] G A’outH(^Q) it is clear we have a 
homomorphism p : S —y -/V’outH(^Q) given by p(a, 0) = [a]. 

Lemma 6.2. i) p(B) = ^(Q) and hence we have a homomorphism 

p : S ^ NoutH(^Q)/^Q- 
ii) kerp = B Aut^{Q)/B ~ Aut^ Q/(Aut$ Q (iB). 

Proof, i) 4>(g) = {[cg\H]\gG G}=p{B). 

ii) If [a] = [cglH] then a = Cg\H c^ = Cg\H for some g G G. Then 

(a,/3) = {cg\H,CT,g){id,c~gl3) G BAut^Q. 

The converse is obvious. □ 

Remark 4. i) If H is centric in G then Aut,|, Q = {id} since 4>(/? q) = ^(q) implies 0 q = q since 
centric is equivalent to being a monomorphism. Hence in the centric case p is a monomorphism. 

ii) More generally, p is a monomorphism if and only if Aut,|, Q G B if and only 4>/3 = implies 
0 = c-rrg for some g G CgH. 
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In order to determine the image of p let Q' = Q/ker^ with natural projection r Q ^ Q'. 
$ defines a monomorphism : Q' ^ Outff with Now = $(Q) and if 

[a] G Nout h{^Q) then there exist a (unique) homomorphism : Q' ^ Q' with [a^'{q')a.~^] = 

for all q' G Q'. If [a] G imagep then there exists ^ Q ^ Q inducing /3', i.e., with 
r/3 = /3't. Conversely if 0 exists then for all g G Q we have 

= ^^{T0q) = ^{0q) 

and {ct, 0) G S. If [q] G -N’outH(^Q) determines the map 0' : Q' ^ Q' and {cg\H^CT^g) G B then 
[(y.Cg\H] determines the map 0'c-n-g : Q' —>• Q'. 

Lemma 6.3. 0' lifts to a map Q ^ Q if and only if 0'cT^g lifts to a map Q ^ Q. 

Proof. The map tt : G —y Q induces the following commutative diagram 


1 -1. HCgH/H 

-s- G/H 

-> G/HGgH 1 




1 ker <I> — 

-5- Q - 

^ Q' 1. 


Therefore c-^^g : Q' ^ Q' lifts to Ctt^ : Q Q and the result follows. □ 

If ker$ is abelian there is by [4] a well defined cohomolgy class A{0') G H^{Q,lieT^) such 
that 0' lifts to a map ^ : Q —>• Q if and only if A(/3') is the base point of (Q, ker 4>). Hence 

Proposition 6.4. J/ker4> is abelian there exists an exact sequence 
s NoutH{^Q)/'S>Q A 

Remark 5. In the centric case, Cc^ C H, we have from remarks 3 and 4, i) H^{Q, zH) = 
H^{Q, zH) and ii) kerp ~ Aut$ Q/(Aut$ Q f) B) = {id}. Clearly H^{Q, ker = {*} and so the 
exact sequence 15.41 becomes the exact sequence of [3] 

0^H^iQ,zH) -^Aut(G,H) ^ Nout ^ zH) 

and with Ae a derivation. 

7. Solvability OF Aut(G, 77) 

Proposition 7.1. If H, Aut$ Q and A’outff(^Q) solvable so is S. Conversely if S is 
solvable, then H, Aut(|. Q and Cout h{^Q) solvable. 

Proof. If p : (S —>■ Nout H i^Q) is given by p(a, 0) = [a], then kerp = {{ch, 0) | h G 77} = U Aut$ Q 
where U = {(c/^, id) | h G 77} is a normal subgroup of S. Since U is solvable if 77 is, we see from 
the hypothesis, S is solvable if and only if Aut$ Q is. 

Conversely if S is solvable then so is X = {(c^,id) \h G 77} C S and therfore also 77 since 
HfzH ~ X. Clearly Cout h{^Q) G S as the set {(a, id)}. □ 

Theorem 7.2. Let 1—>-77—>-1 be an exact of groups with associated homomorphism 
: Q —>• Out 77. Suppose 1) H is solvable, 2) 77 is characteristic in G. 3) Nont h{^Q)^ 
normalizer o/4>(Q) C Out 77, is solvable, 4) Aut(ker4>) is solvable. Then Aut(G, 77) is solvable. 

For each condition there exists an extension where the remaining three conditions are true 
and Aut G is not solvable and for each condition except the first there exists an extension where 
exactly one of the remaining conditions is false and Aut G is solvable. 

Proof. From [4X1 we see that Aut(G, 77) is solvable if and only if Iso^ E C <5 is solvable. Since 77 
is characteristic in G, Aut(G, 77) = Aut G. To show S is solvable we need to show that Aut(ker 4>) 
being solvable implies Aut.j> Q is solvable. 

If /3 G Aut.j> Q then /3 = and 0 restricts to an automorphism of ker 4> and so we have a 
homomorphism Aut^ Q —>• Aut(ker $) with kernel K. Again by the hypothesis, Aut^ Q is solvable 
if and only if 7C is. 

0 ^ K and only if 4>/3 = and /3|ker$ = Id. If A(g) = 0{q)q~^ then 4’(Ag) = 1 and so 
A : Q ^ ker 0{q) = q for q G ker 4> and so A|ker 4> = 1. 0 a homomorphism if and only if A is a 
1-cocyle, that is \{qq') = X(q)^\{q') for all q,q' £Q where Q is acting by conjugation. If g G Q 
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and q' E ker $ then \{qq') = A(g) and so A is constant on left cosets and hence on right cosets 
since ker$ is normal in Q. Therefore for q £ Q and q' £ ker$ 

\{q) = \(q'q) = \{q) = q'\{q)q'~^. 

Therefore \{q) € zker^ and defines a cohomology class [A] E H^{Q,zker^). Let (t(/ 3) = [A]. It 
is easily seen a : K ^ H^{Q',zker^) is a homomorphism. If C7{0) = [0] then A(g) = w^w~^ 
for some w E -sker^. But then l3{q) = \{q)q = wqw~^q~^q = Cw(q)- Hence we have an exact 
sequence 2 :ker^ K ^ H^(Q'^zkev^) and K is solvable. 

Let p and n\ be relatively prime and G = H x Q = A 5 x Z/p. Then 1) is false, 2), 3) and 4) 
are true and Aut G ~ Aut A 5 x ’Ljip) — 1) is not solvable. 

If G = (Z/2)^ = H X Q = (Z/2)^ X Z/2 then 2) is false 1), 3), and 4) are true and Aut(G) ~ 
GL 3 (F 2 ) is not solvable. 

For 3) let H = (Z/2)^, Q = Z/3 and G = H x Q. Then 3) is false, 1) 2) and 4) are true and 
Aut G is non-solvable. 

For 4) just interchange the roles of H and Q in example 3. 

As for the necessity of the above conditons. If Aut G is solvable then G and therefore H must 
be solvable. Certainly being characteristic is not a necessary condition as Z/2xZ/2 has a solvable 
automorphism group but has no non-trivial characteristic subgroups. 

Let H be the small group (25, 2). This is a solvable group whose automorphism group A 
(small group (480, 218)) is not solvable. A contains a normal subgroup H of order 2. Let G be the 
semi-direct product of H and Q = Z/2, where Z/2 acts via H (small group (50, 3)). Then AutG 
(small group (80, 30)) is solvable and ker4> = (1). Clearly H is characteristic in G since it is the 
Sylow 5-subgroup. Hence H ^ G ^ Q satisfies all the conditions of the theorem except for 3 and 
has Aut G solvable. Hence condition 3 is not necessary. 

Let Q be the small group (24,13). Q has Sylow 2-subgroup P = (Z/2)^ with non-solvable 
automorphism group GL 3 (F 2 ). Q is the split extension of (Z/ 2 )^ by any element of order 3 in 
AutP. Let H = and : G/P = 'LjZ —>■ Aut H be any monomorphism. Let H be the 
metacylic group of order 21 and 'Ll! Y ^ Q the pullback of the extension 'Ll! Z/3 

by the natural map tt : Q QjP- Then this extension has 4> = with kernel $ = P with 
non-solvable automorphism group. Z/7 is solvable and since AutZ/7 is abelian, ^(Q) = ^^(Z/3) 
has solvable normalizer. Also Z/7 is characteristic in Y since it is the Sylow 7-subgroup. Therefore 
this extension satisfies conditions 1, 2 and 3 of the theorem but not 4. We may also consider Y as 
an extension of P with quotient H. If 4^ : P —Out P = AutP is the homomorphism associated 
to this extension, then p{'^H) is of order 6 and solvable. AutP is a solvable group of order 

42. Therefore the extension P ^ Y —>• P satisfies all the conditions of the theorem and Aut Y is 
solvable. Therefore condition 4 of the theorem is not necessary. □ 

Remark 6 . (1) Since Aut,|, Q C AutQ we could replace conditon 4) of the above theorem by the 
condition Aut Q be solvable. It is not at all clear if either one of these conditions implies the 
other. 

(2) With slightly more work one can show there is an exact sequence 

0 H°{Q,A) ^ //“(ker$,yl) ^ K ^ ^^(ker A), 

with A = z ker 4>. 


8. Herbrand quotient 

In order to obtain the exact sequence in l5.4l one starts with the exact sequence in l4.7l and then 
divides by the sequence 

1 ^ ^ Inn G ^ P -J- 1 

where C ~ (GqP zQ)lzG. Instead consider the exact sequence and map of exact sequences 

1-/C-^ Aut if G-Inn P-^ I 

a b c 

1 -^ C -^ InnG-^ B -^ I 

where /C ~ zHj (P Pl^G) ~ zHzG/zG. All groups are normal subgroups and the vertical maps are 
monomorphisms. Dividing the exact sequence in EH by these two sequences gives the following. 
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0- >■ coker a -coker b - >■ coker c - >■ 1 


0- ^H^{Q,zH) - ^OvLt'{G,H) -^ Iso^ E-^ 1 

a 6 c 

0- ^H^{Q,zH) - ^Ont{G,H) -^Iso^E-^ 1 

where S = 5/ Inn H C Out H x Aut Q and Out^(G, H) = Aut(G, H)/ Autn G. 


Theorem 8.1. Suppose ’Es-.l^H^G^Q^lisan extension with G is a finite group. 
Then 


I Aut(G,/f)| = 


\WiQ,zH)\ 


■\H\\S\ 


\H0{Q,zH)\\O^E\ 

where is the orbit o/E in H). Moreover |O^E| < zH)\. 


Proof. The above diagram shows | Out(G, i^)||coker6| = Iso^ E|. Since coker 6 ~ 

Inn G/ [ AutnG and Out(G, H) ~ Aut(G, H)/ Inn G, we have 

\Ant{G,H)\ = \H^{Q,zH)\\lso^'E\\AntHG\. 

Since Autn G ~ H/zG (1 H, H^{Q, zH) = zG n H and |O^E|| Iso^ E| = \S\ the result follows. 
Since A^{Q.,H) and H^{Q, zH) are bijectively equivalent it follows |C7^E| < zH)\. □ 


The exact sequence 0 —)■ zH) —)■ Out^(G, H) —)■ Iso^ E ^ 1 and the fact that Out^(G, H) = 

Aut(G, H)/ Autjf G gives the following. 


Theorem 8.2. Suppose Eiil—yH^G—^Q—ylisan extension. Then there exists a normal 
series Aut G = Aq > Ai > A2 > A3 = ( 1 ) with 

A 2 /A 3 ~ H/H°{Q,zH) A 1 IA 2 ~ H^{Q,zH) Ao/Ai ~ Iso^j E. 

Proof. Ai = ker{Aut(G, H) - 5 . Out'(G, H) Iso^ E} and A 2 = ker{Aut(G, B) - 5 . Out'(G, B)} = 
Autj^ G. □ 
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